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peaks to zero. From Table 5, this value of 7 is seen to
be 2/x} for non-centrosymmetric and 2/(1 + x?) for
centrosymmetric structures. The use of this obviously
depends upon knowing or obtaining an estimate of the
quantity 2, the proportion of correct to total scattering
power included in the structure factor calculation. It
can be seen from (19) that different values of n alter the
density at the P and W peaks but do not change the
density at the Q peaks in relation to the background.

The S synthesis is sensitive to small values of |F,!
since these give rise to very large -coefficients.
Ramachandran & Ayyar (1963) (see also Ramachan-
dran & Srinivasan, 1970) have proposed an empirical
weighting scheme to deal with this. However, the
weighting scheme does not increase the useful infor-
mation in the synthesis beyond what is shown in this
paper. The weighted 2F, — F, and weighted '
syntheses are therefore a little easier to use than the
synthesis.

The theory presented here is a little optimistic in that
atoms wrongly included in the 2F, — F, and y' syn-
theses are not suppressed by as much as is predicted
However, the comparison with the £ synthesis is valid
since the same approximations in the theory apply to
all the cases considered.
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Abstract

Accurate theoretical intensities are presented for the
phonon scattering at 295 K for Si. The one-phonon and
n-phonon cross sections are shown for the principal
symmetry directions and the total phonon scattering
contours for a section of the (101) plane. Previous
total phonon calculations have been confined to
materials of simpler structure and to a coarser mesh of
wavevectors. The Si cross sections show general
features which are expected to be seen in a wide variety
of materials. These include the behaviour of the scat-
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tering near forbidden reflexions, the behaviour in three
essentially different kinds of zones and the behaviour
close to Bragg peaks. Results are also presented for the
temperature dependence of the harmonic Debye—
Waller factor.

Introduction

In spite of the widespread interest in X-ray scattering
from Si, accurate kinematic phonon X-ray scattering
intensity calculations have not been reported even
though reasonable lattice dynamical models have been
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available for some fifteen years. One cause for the delay
must be that the reliable calculation of multiphonon
intensities for any scattering vector is somewhat
lengthy and has only been reported for materials as
simple as Al and the alkali halides (Reid & Smith,
1970a). With their technique on the complex eigen-
vectors of Si, results are reported here for shell model
calculations of multiphonon X-ray scattering, one-
phonon scattering and the temperature dependence of
the harmonic Debye—Waller factor. The full accuracy
of the model is maintained by summing over a very fine
mesh of points, where appropriate.

The model used to provide the basic lattice
dynamical information is the best fitted shell model Ilc
of Dolling (1963). This model has been widely used by
many authors and has to some extent become a
standard. There are several more recent models but the
best lattice dynamics model for Si has not really been
established. Valence force potential models, e.g. Solbrig
(1971), show promise, as do adiabatic bond charge
models such as the recent four parameter model of
Weber (1977). Hence, in fine detail some of our results
will change with the use of one of the more recent
models, especially if its fit includes the additional
experimental data of Nilsson & Nelin (1972). How-
ever, the eigenfrequencies are the principal determining
dynamical data and since the bulk of experimental data
still comes from Dolling’s work, then some confidence
can be placed in the general level and trends in the
scattering intensities.

The calculations

Of the three quantities mentioned, the multiphonon
scattering deserves some preliminary comment. It is
customary to expand the phonon scattering into a
series in which the nth term represents the n-phonon
scattering and then to simplify drastically the third and
higher order terms. With care this method works for
small scattering vectors or near Bragg peaks but with a
lattice dynamical model it is an unnecessary approxi-
mation. The results given here are a direct calculation
of the exact expression for the total harmonic scattering
cross-section for a given scattering vector K. The com-
plete expression (Reid & Smith, 1970a) involves a sum
over the real space lattice and, for each real space
point, a sum over reciprocal space. Most of the Si
results were calculated with a real lattice containing
32 000 atoms and hence a sample of 192 000 phonon
states in the Brillouin zone. Such a fine mesh ensures
that the sampling errors are substantially <1%, but,
even using the symmetry of the Si lattice, the com-
putation takes a considerable time.

It is believed that this is the first time that the total
phonon scattering cross-section has been exactly evalu-
ated for a non-symmorphic structure. In fact it was
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found that the complex eigenvectors of Si do not
greatly complicate the calculation because the centre of
symmetry in the underlying Bravais lattice ensures that
the sums over reciprocal space are all real. Our ex-
perience confirms that it would be practical to use the
method on a material of lower symmetry with several
atoms per unit cell. The zero phonon expression, which
is important for both the multiphonon scattering and
the Debye—Waller factor, is marginally simpler than for
the alkali halide case. However, the greater anisotropy
of Si suggests that the integration over the dispersion-
less part of the acoustic branches could be improved by
a more detailed evaluation. A minor improvement was
incorporated but the problem was effectively avoided
by the use of the very fine mesh of sample points in the
summations, which reduced the zero phonon con-
tribution to < 19%.

It is particularly important in a calculation which
cannot be checked by hand that one has confidence in
the correctness of the final answer. Apart from the
usual tests and internal consistency checks, the follow-
ing comparisons were always made. The summations
for the multiphonon scattering also yielded the Debye—
Waller factor, the one-phonon scattering and the Bragg
scattering. Of these, the first two were always com-
pared with independent and direct calculations of these
quantities and found to agree to machine accuracy,
while the Bragg scattering was checked to be zero to
machine accuracy at all points between Bragg peaks.
The results were checked to be identical for all
symmetry-related K and the convergence of the results
with increasing microcrystal size was also closely
watched. With the relevant input data the correct
results continued to be obtained for the alkali halides.
This summarizes a stringent set of tests which such a
calculation should pass.

Results

Table 1 lists the harmonic Debye—Waller factors given
by the Dolling shell model as determined by a direct
sum using frequencies at 512 000 wavevectors in the

Table 1. Harmonic Debye—Waller factors given by
Dolling’s best fitted shell model

Temperature (K) B (A2 Temperature (K) B (A?)

1.0 0-1937 250-0 0-4514
5-0 0-1937 295-0 0-5192
10-0 0-1939 350-0 0-6038
20-0 0-1947 400-0 0-6819
40-0 0-1999 500-0 0-8402
60-0 0-2116 600-0 1-0001
80-0 0-2286 700-0 1-1610
100-0 0:2491 800-0 1-3226
150-0 0.3100 900-0 1-4847
200-0 0-3786 1000-0 1-6470
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Brillouin zone. The zero phonon term was incorpor-
ated (Reid & Smith, 1970b) and was found to con-
tribute about 0-5% at room temperature, falling off at
lower temperatures. No corrections were attempted for
a quasiharmonic frequency shift with temperature.

The Dolling model Debye—~Waller factors are disap-
pointingly high compared with the experimental value
of 0-4613 at 293-2 K (Aldred & Hart, 1973). A likely
cause for much of the discrepancy seems to be a syste-
matic error in the low frequency modes of the Dolling
model. Nilsson & Nelin (1972) have already pointed
out that measurements may be higher than model
frequencies by approximately 15% in this region. Un-
fortunately, such an error in the dispersionless region
implies an error of some 10% in the calculated Debye—
Waller factors at high temperature, due to the
dominance of the low frequency contributions in the
sum. This is almost exactly the difference between our
calculations and the Aldred & Hart measurements.

For the calculation of the scattering intensities, the
experimentally determined Debye—Waller factors of
Aldred & Hart (1973) were used. Scattering factors,
with the small Honl correction for Mo radiation, were
taken from International Tables for X-ray Crystallog-
raphy (1974). These scattering factors are spherically
symmetric and hence the forbidden reflexions 222, 666,
200 etc. will show zero Bragg intensity, but, neverthe-
less a significant phonon intensity averaged over a
region surrounding these special reciprocal lattice
vectors.

Figs. 1, 2 and 3 show the intensities in electron units
per cell of the single phonon and multiphonon scatter-
ing along the three principal symmetry directions at
room temperature (295 K). The plotted points are
primary calculations and not interpolations. The curves
show that the multiphonon scattering rises from zero at
K = 0 fairly sharply so that by sin /4 = 1.0 it is
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Fig. 1. The one-phonon intensity (+) and multiphonon intensity (*)
on a logarithmic scale for scattering vectors along |100]. The
centre of each symbol gives the intensity in electron units/cell.
The points are plotted at equal intervals of #,0,0 with 20 points
from Bragg peak (positions shown) to zone boundary.
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generally larger than the single phonon scattering,
except near non-zero Bragg peaks. The multiphonon
scattering also peaks sharply under the Bragg reflexions
but the peaking occurs much closer to the reflexion
than with the single phonon scattering, being some-
times barely visible at one tenth of the distance out to
the zone boundary. The obvious exception at the for-
bidden reflexions is due to the cancellation of the
acoustic branch scattering by the forbidden structure
factor while maintaining scattering from the optic
branches.

Table 2 shows the phonon scattering which would be
detected from a spherical region occupying 1/4000 of
the Brillouin zone centred around the lower Bragg
peaks along the principal symmetry directions. The
scattering is expressed as a ratio to the corresponding
kinematic Bragg intensity and, as explained by Reid
(1973), can be used as an estimate of the diffuse
scattering seen by a counter of finite width as it is
scanned through the peak.

2.0

log,, (intensity)
¢ -
S =)
(. *
w220
Q\(t
x
(0"
X
x
<

|
)

-2.0

g

» "
00 01 02 03 04 05 06 07 08 09 1.0 11
sin 6/4

Fig. 2. As for Fig. 1 but along [110].
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Fig. 4 is a contour map of the total phonon scatter-
ing (one-phonon plus multiphonon) in a region of the
(101) plane. The general shape and levels of the con-

Table 2. The ratio (Ippg/lpey) expressed as a
percentage

The TDS is integrated over a sphere surrounding the Bragg
reciprocal lattice vector (hkl), the sphere occupying 1/4000 of the
Brillouin zone volume. For scaling to other volumes see Reid

(1973).

I

TDS/ I Bragg
%

hkl

400 0-
800 1.
220 0.
440 0-
660 1
880 2.
111 0-
333 0-
444 1
555 1
771 3.
888 4.

0
36
45
18
72
63
94
07
61
09
71
41
46

N

Fig. 4. Total phonon scattering in a section of the (101) plane.
The contours are at electron unit/cell values of 3 to 10 in steps of
1 and 10 to 35 in steps of 5. The primary data were calculated
at 441 uniformly spaced points covering the area.
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tours agree well with the experimental data of
Bonefadic (1969), except of course in the region around
222. In fact the agreement is very much better than that
achieved by Bonefaci¢’s own model calculations. How-
ever, the single phonon intensities in this region, and the
multiphonon intensities everywhere, require a know-
ledge of the off-symmetry frequencies and the complex
eigenvectors appropriate to the two kinds of atomic
sites. Supplying accurate values for these is a stringent
test of the adequacy of the lattice dynamics model and
it is a test which has not really been applied to even the
most recent models, basically due to a lack of detailed
experimental data. Now that the total phonon scatter-
ing can be calculated with confidence, there is an
obvious call for further experimental evidence to assist
in distinguishing the predictions of different models. An
extensive programme of absolute intensity measure-
ments is already under way (Robertson, Pirie & Reid,
1978) which should provide, amongst other things,
some of the necessary evidence

Conclusion

A sample of some room temperature X-ray scattering
intensities have been presented in graphical form. The
authors can answer modest requests for raw numerical
data over a range of temperature.

Thanks are due to Dr J. D. Pirie both for providing
the lattice dynamical data and for helpful discussions.
The calculations were performed on the Honeywell
66/80 of Aberdeen University as part of a project
under Science Research Council grant support.
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